Introduction

Motivations
• The enumeration of the number of spanning trees was first considered by Kirch- hoff in the analysis of electric circuits more than one and a half century ago [Kirchhoff] .
• It is a problem of interest in mathematics [Biggs, Welsh, Burton and Pemantle, Lyons] and physics [Temperley, Wu] .
• The Tutte polynomial or the partition function of the q-state Potts model in a special limit gives the number of spanning trees [Fortuin and Kasteleyn, Wu] .
• The spanning tree problem is related to network, percolation, polymer, sandpile, ...
• Consider self-similar fractal lattices which have scaling invariance.
• A well-known example of fractal is the Sierpinski gasket.
Definitions
• A graph G(V, E) is defined by its vertex set V and edge set E [Harary, Biggs] .
• Denote v(G) = |V | as the number of vertices and e(G) = |E| as the number of edges of G, respectively.
• Denote the number of edges attached to the vertex v i as degree k i .
• A k-regular graph is a graph that each of its vertices has the same degree k.
• A spanning subgraph G • A tree is a connected graph with no circuits.
• A spanning tree is a spanning subgraph of G that is a tree. Therefore, it has v(G) − 1 edges.
• Denote the number of spanning trees on the graph G as N ST (G).
• A planar graph G has a dual graph G * .
A well known method
• The adjacency matrix A(G) is an v(G) × v(G) matrix with elements A(G) ij = 1 if vertices v i and v j are connected by an edge 0 otherwise .
• The Laplacian matrix Q(G) is the v(G) × v(G) matrix with elements
• One of the eigenvalues of Q(G) is always zero. Denote the rest as
• The number of spanning trees is given by [Biggs] 
• For N ST (G) grows exponentially with v(G) as v(G) → ∞, define the asymptotic growth constant
Sierpinski gasket SG d (n)
• The first four stages n = 0, 1, 2, 3 of the two-dimensional Sierpinski gasket SG 2 (n):
• SG 2 (n) at stage n = 0 is an equilateral triangle.
• Stage n + 1 is obtained by the juxtaposition of three n-stage structures.
• SG d (n) can be built in any Euclidean dimension d.
• SG d (0) at stage n = 0 is a complete graph with (d + 1) vertices.
• Fractal dimensionality for SG d [Gefen and Aharony] :
• The numbers of edges and vertices for SG d (n):
• Except the (d + 1) outmost vertices which have degree d, all other vertices of SG d (n) have degree 2d. Therefore, SG d is 2d-regular in the large n limit.
Generalized Sierpinski gasket SG d,b (n)
• The side length b which is an integer larger or equal to two [Hilfer and Blumen] .
• The generalized Sierpinski gasket at stage n + 1 is constructed with b layers of stage n hypertetrahedrons.
• The ordinary Sierpinski gasket SG d (n) corresponds to the b = 2 case.
• The generalized two-dimensional Sierpinski gasket SG 2,b (n) with b = 3 at stage n = 1, 2 and b = 4 at stage n = 1:
SG 2,4 (1)
• The Hausdorff dimension for SG d,b [Hilfer and Blumen] :
• SG d,b is not k-regular even in the thermodynamic limit.
Upper bound
• For a k-regular graph G k , a general upper bound is z G k ≤ ln k.
• For a k-regular graph G k with k ≥ 3, a stronger upper bound for N ST (G k ) is given by [McKay, Chung and Yau]
where
• The corresponding upper bound for z G k is
• Define the ratio
.
2 The number of spanning trees on SG 2 (n) 2.1 Definitions
as the number of spanning trees.
as the number of spanning subgraphs with two trees such that one of the outmost vertices belongs to one tree and the other two outmost vertices belong to the other tree. • Define h 2 (n) as the number of spanning subgraphs with three trees such that each of the outmost vertices belongs to a different tree.
• h 2 (n) is the number of spanning trees on SG 2 (n) with the three outmost vertices identified.
• The initial values at stage 0 are
Recursion relations
• Illustration for the expression of f 2 (n + 1): • Recursion relation for any non-negative integer n: • Recursion relation for any non-negative integer n:
• Illustration for the expression of h 2 (n + 1):• Recursion relation for any non-negative integer n:
Results
• Solutions:
• The exponents are
• The numbers of edges and vertices for SG 2 (n):
• The asymptotic growth constant for SG 2 :
z SG 2 = 1 3 ln 2 + 1 2 ln 3 + 1 6 ln 5 ≃ 1.048594856...
Corollaries
• The number of spanning trees is the same for the dual:
• Because SG 2 is 4-regular in the large n limit, z SG * 2 = z SG 2 [Chang and Wang].
• Denote the non-zero eigenvalues of the Laplacian matrix Q(SG 2 (n)) as λ(
• Q(SG 2 (n)) does not look simple to diagonalize. For examples, 
The number of spanning trees on SG 2,b (n) with b = 3, 4
3.1 The number of spanning trees on SG 2,3 (n)
• The numbers of edges and vertices for SG 2,3 (n):
• There are (6 n − 1)/5 vertices of SG 2,3 (n) with degree six, 6(6 n − 1)/5 vertices with degree four, and the three outmost vertices have degree two.
• Define f 2,3 (n), g 2,3 (n), h 2,3 (n) as before. The initial values are f 2,3 (0) = 3, g 2,3 (0) = 1, h 2,3 (0) = 1.
• Recursion relations for any non-negative integer n:
• The asymptotic growth constant for SG 2,3 : 
The number of spanning trees on SG 2,4 (n)
• The numbers of edges and vertices for SG 2,4 (n):
• There are (10 n − 1)/3 vertices of SG 2,4 (n) with degree six, (10 n − 1) vertices with degree four, and the three outmost vertices have degree two.
• Define f 2,4 (n), g 2,4 (n), h 2,4 (n) as before. The initial values are again f 2,4 (0) = 3, g 2,4 (0) = 1, h 2,4 (0) = 1.
• The asymptotic growth constant for SG 2,4 : • Define f 3 (n) ≡ N ST (SG 3 (n)) as the number of spanning trees.
• Define g 3 (n) as the number of spanning subgraphs with two trees such that one of the outmost vertices belongs to one tree and the other three outmost vertices belong to the other tree. • Define h 3 (n) as the number of spanning subgraphs with two trees such that two of the outmost vertices belong to one tree and the other two outmost vertices belong to the other tree. • Define p 3 (n) as the number of spanning subgraphs with three trees such that two of the outmost vertices belong to one tree and the other two outmost vertices separately belong to the other trees. • Define q 3 (n) as the number of spanning subgraphs with four trees such that each of the outmost vertices belongs to a different tree. • There are four equivalent g 3 (n), three equivalent h 3 (n), and six equivalent p 3 (n).
f 4 (n) • Define g 4 (n) as the number of spanning subgraphs with two trees such that two of the outmost vertices belong to one tree and the other three outmost vertices belong to the other tree. • Define q 4 (n) as the number of spanning subgraphs with three trees such that three of the outmost vertices belong to one tree and the other two outmost vertices separately belong to the other trees. q 4 (n)
• Define r 4 (n) as the number of spanning subgraphs with four trees such that two of the outmost vertices belong to one tree and the other three outmost vertices separately belong to the other trees. • There are ten equivalent g 4 (n), five equivalent h 4 (n), fifteen equivalent p 4 (n), ten equivalent q 4 (n) and ten equivalent r 4 (n).
